Abstract We determine the geometric structures of the families of three variables cubic and quartic cyclic homogeneous inequalities of certain classes. These structures are determined by studying some real algebraic surfaces.
Introduction.
Symmetric or cyclic homogeneous polynomial inequalities are one of the most elementary inequalities. But they are not studied well. We may dare say that we know only a few even about three variables cyclic homogeneous inequalities. The aim of this article is to present a geometric method in order to deal with the cubic and quartic cyclic homogeneous inequalities in three variables. We sketch the history. Articles on polynomial inequalities are very few. One of the most important symmetric homogeneous inequalities is Muirhead's inequality published in 1902 ( [5] ), which says that if holds for any a 1 ≥ 0,. . ., a n ≥ 0.
The following Schur's inequality is also discovered around this age: We analyze the above theorem using a convex cone. Let
f is a cyclic homogeneous polynomial
and that f (1, 1, 1) = 0.
Cîrtoaje's inequality implies that C 4 is an ellipsoid cone in R
4
. We can also determine the structures of S 4 and S + 4 , using theorems in [3] . S 4 is an elliptic cone in R enclosed by a part of the ellipse and two line segments. These are explained later. Note that
It is easy to see that
and these are a half line. In this article, we shall determine the structures of C enclosed by three surfaces, one is a part of the ellipsoid, the others are parts of ruled surfaces. The following inequalities can be proved as a direct corollary of this fact. Note that these are analogues of Schur's inequality.
Let a ≥ 0, b ≥ 0, c ≥ 0, then the following hold:
here γ = 5.07790940231978661368 · · · is a root of
These inequalities are located on the boundary of C We shall explain the outline of our theory. Let
Take an index set I d so that the set 
It may also possible to do similar observation for more than three variables inequalities, if we study the structure of higher dimensional projective varieties. Theoretically it will be possible, but the calculation is complicated. The author tried this in vain, and expects the research in the future.
Main Theorems.
We use the same notation as in the section 1, and we denote
Then, the following hold.
(1) The boundary of the convex cone C
.
(1) C 4 is an ellipsoid cone whose boundary is
Note that g p,q ≥ 0 is Cîrtoaje's inequality.
Corollary 3. Use the same notation as Theorem 2, and let
(1) S 4 is an elliptic cone whose boundary is
We shall prove the inequalities (1.1)-(1.6) in the section 1, using above theorems. (1.1) and (1.2) are obtained from
(1.5) and (1.6) can be obtained by the similar way.
Proof of Theorem 1.
Throughout this paper, we fix the following notation. 
It is well known that for any a, b, c ∈ R, the inequalities
Note that f s (0, s, 1) = 0. We recommend readers to use computer to check some complicated equalities which appear in this article as the above.
(ii) We shall observe X 
Note that C 3 is the boundary of X + 3 , and C 3 is a nodal plane cubic curve whose node is at (1 : 0 : 0 : 0). 
The defining equation of
1) and X 3 has a rational double point of the type A 1 at P 3 := (1 : 1 : 1 : 1/3). Let
and we choose a system of coordinates (x, y, z) of V
Note that the coordinate of P 3 is (x, y, z) = (0, 0, 0). Let D 
Assume that f ∈ C + 3 . Then 3p 0 + 3p 1 + 3p 2 + p 3 = 0, and
, and assume that x corresponds to (x 0 : (iv) We shall show that f s is located on the boundary of C + 3 . Let F s be the plane in P 3 R which tangents to C 3 at Q s := ϕ(0 : s : 1) = (f 0 (s) : f 1 (s) : f 2 (s) : f 3 (s)) and which passes through P 3 . The defining equation of F s is given by.
This corresponds to f s . By (i), f s ∈ C 
. Note that η 3 (x 0 , y 1 , x 3 ) = 0 defines the cubic curve which has the cusp at (1 : 2 : 1/3), and which has a parameterization
-
As the above figure,
Thus, the boundary of S
+ 3 is R + · (T 2,1 − 6U ) + R + · S 3 + 3U − T 2,1 ).
Proof of Theorem 2.
Proof of Theorem 2.
(1) We denote
(i) We shall show that g p,q ∈ C 4 for ∀p, ∀q ∈ R. As Cîrtoaje ([3] ) had shown,
(ii) We shall show that h s , k s,t ∈ C + 4 for s ≥ 0 and t ≥ 1.
, we may assume that 0 < s ≤ 1. Let t > 0 and p > max{2, 12t/s}. Then,
Since t < ps/12 and p/2 < p − 1, we have
Thus 
Thus, the defining equations of the quartic surface X 4 is
We knows that X 4 has a rational double point of the type A 1 at P 4 := (1 : 1 : 1 : 1 : 1), from the above equations. Let
, and we choose a system of coordinates (x, y, z, w) of V 
. The boundary of D 4 is the cone whose base is E. By the same argument as (iii) of the proof of Theorem 1, we conclude that C 4 can be identified with the dual convex cone of D 4 .
(v) We shall determine the boundary of C 4 , and shall prove (1) . , 1) , and let G s,t (resp. G ∞ ) be the hyperplane in P 4 R which tangents to X 4 at the point ϕ 4 (s : t : 1) = (g 0 (s, t) : · · · : g 4 (s, t)) (resp. (1:0:0:0)) and which passes through P 4 . Since
the defining equation of G s,t is given by G p(s,t),q(s,t) = 0. Note that the range of p(s, t),
→ ∞, defining equation of G s,t tends to G ∞ = 0. Thus g p,q and g ∞ are on the boundary of C 4 .
Let ψ:
be the rational map defined by
Take any point Q ∈ E. Since ψ = ρ • ϕ 4 , we have ψ(P 2 R ) = E. Thus, there exists s, t ∈ R such that ψ(s : t : 1) = Q, or ψ(1 : 0 : 0) = Q. Then G s,t or G ∞ tangents to E at Q. Thus, we conclude that
(2) can be obtained by the similar argument as the proof of (2) of Theorem 1. Thus we have (2).
